Abstract. Given a graded ample Hausdorff groupoid, we realise its graded Steinberg algebra as a partial skew inverse semigroup ring. We use this to show that for a partial action of a discrete group on a locally compact Hausdorff topological space, the Steinberg algebra of the associated groupoid is graded isomorphic to the corresponding partial skew group ring. We show that there is a one-to-one correspondence between the open invariant subsets of the topological space and the graded ideals of the partial skew group ring. We also consider the algebraic version of the partial C * -algebra of an abelian group and realise it as a partial skew group ring via a partial action of the group on a topological space. Applications to the theory of Leavitt path algebras are given.
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Introduction
The notion of crossed product by a partial action has its origin in the concept of crossed product by a partial automorphism introduced by Exel in [17] . Crossed products of C * -algebras by partial actions of discrete groups were defined in [26] by McClanahan. Skew group rings were introduced by Dokuchaev and Exel in [16] as algebraic analogues of C * -crossed products by partial actions. The latter algebras are a powerful tool in the study of operator algebras (see [17, 18, 19, 28] ), and so it is important to realise C * -algebras as partial crossed products (see [8, 21] for example), as one can then benefit from the established theory about partial crossed products.
Sieben [30] introduced the notion of a crossed product by an action of an inverse semigroup on a C * -algebra using covariant representations. Later, a definition of crossed product for actions of inverse semigroups on C * -algebras, without resorting to covariant representations was presented in [23] . The algebraic version for actions of inverse semigroups on algebras were investigated [10] .
Recently Steinberg algebras were introduced in [13, 31] as an algebraisation of the groupoid C * -algebras first studied by Renault [29] . Steinberg algebras include Leavitt and Kumjian-Pask algebras as well as inverse semigroup algebras (see [14, 15, 31] ). These classes of algebras have been attracting significant attention, with particular interest in the graded ideal structures of these algebras.
In this note we relate these two class of algebras. Starting from a graded ample Hausdorff groupoid G and an open invariant subset U ⊆ G (0) , we establish a graded isomorphism
Here G (h) is the inverse semigroup of graded compact open bisections of G which acts partially on U ,
is the corresponding partial skew inverse semigroup ring and A R (G U ) is the Steinberg algebra associated to the groupoid G U = r −1 (U ). In particular, we have a graded isomorphism A R (G) ∼ =gr C R (G (0) ) ⋊ π G (h) (see Theorem 2.3).
Let φ = (φ g , X g , X) g∈G be a partial action of a group G on X such that each X g is clopen subset of X. Then we have an induced partial action of G on C R (X). Denote by G X = g∈G g × X g the G-graded groupoid given in (3.2) associated to φ. As a direct consequence of Theorem 2.3, we realise the G-graded Steinberg algebra A R (G X ) as the partial skew group ring C R (X) ⋊ φ G (Proposition 3.7). Specialising to the setting of the Leavitt path algebra of a directed graph E, we recover Gonçalves and Royer's result [24, Theorem 3.3] , showing that L R (E) is graded isomorphic to the partial skew group ring via an isomorphism of groupoids (Corollary 4.2). For the case G = Z, we give a condition on the directed graph E so that the Leavitt path algebra of E can be realised as the partial skew group ring of Z on C R (X).
Recall that when G is an ample, Hausdorff groupoid with a continuous cocycle c : G − → G and c −1 (ε) is strongly effective, there is a one-to-one correspondence between the open invariant subsets of G (0) and the graded ideals of the Steinberg algebra A K (G) of G (see [12, Theorem 5.3] ). We observe that the associated groupoid G X is an ample, Hausdorff groupoid if X is locally compact Hausdorff with a basis of compact open sets. Applying Proposition 3.7 there is a one-to-one correspondence between the open invariant subsets of G (0) X and the graded ideals of the partial skew group ring C R (X) ⋊ φ G.
Exel constructed the partial group C * -algebra [19, Definition 6 .4] of a group G. We consider the algebraic version of the construction and realise it as a partial skew group ring associated to a partial action of an abelian group G on an appropriate set.
The paper is organised as follows. In Section 2, we realise the Steinberg algebra of G as a partial skew inverse semigroup ring. In Section 3, we consider the partial action of G on X. In subsection 3.1, we prove that the G-graded Steinberg algebra A R (G X ) is graded isomorphic to the partial skew group ring C R (X) ⋊ φ G. In subsection 3.2, we prove the one-to-one correspondence between the open invariant subsets of G (0)
X and the graded ideals of the partial skew group ring. In subsection 3.3, we give the example of a partial skew group ring arising from an abelian group G. In Section 4, we realises Leavitt path algebras as graded partial skew group ring, where the grading is over a free group. We also describe a graph condition under which the associated Leavitt path algebra can be realised as a Z-graded partial skew group ring.
Historical notes. While preparing this paper, Beuter and Gonçalves posted [7] on arXiv which contains two main theorems: Theorem 3.2 in [7] proves that C R (X) ⋊ φ G is isomorphic to A R (G X ) as R-algebras and Theorem 5.2 realises Steinberg algebra of an ample Hausdorff groupoid as a partial skew inverse semigroup ring. Our Theorem 2.3 improve their Theorem 5.2 by showing that there is a graded isomorphism on the level of ideals and that Theorem 3.2 in [7] is direct consequence of Theorem 2.3.
Steinberg algebras and partial skew inverse semigroup rings
In this section, we consider a G-graded ample Hausdorff groupoid G, where G is a discrete group and its associated Steinberg algebra A R (G). The main result of this section (Theorem 2.3) is to realise the G-graded Steinberg algebra A R (G) as a partial skew inverse semigroup ring. We briefly recall the concepts of Steinberg algebras and partial skew semigroup rings.
2.1. Steinberg algebras. Steinberg algebras were introduced in [31] in the context of discrete inverse semigroup algebras and independently in [13] as a model for Leavitt path algebras.
A groupoid G is a small category in which every morphism is invertible. It can also be viewed as a generalisation of a group which has a partial binary operation (and several units). If x ∈ G, d(x) = x −1 x is the domain of x and r(x) = xx −1 is its range. The pair (x, y) is composable if and only if r(y) = d(x). The set
are units in the sense that xd(x) = x and r(x)x = x for all x ∈ G. A subset U of the unit space
For U, V ⊆ G, we define
A topological groupoid is a groupoid endowed with a topology under which the inverse map is continuous, and such that composition is continuous with respect to the relative topology on
Anétale groupoid is a topological groupoid G such that the domain map d is a local homeomorphism. In this case, the range map r is also a local homeomorphism. An open bisection of G is an open subset U ⊆ G such that d| U and r| U are homeomorphisms onto an open subset of G (0) . We say that anétale groupoid G is ample if there is a basis consisting of compact open bisections for its topology.
Let G be an ample Hausdorff topological groupoid. Suppose that R is a commutative ring with identity. Consider A R (G) = C c (G, R), the space of compactly supported continuous functions from G to R with R given the discrete topology. Then A R (G) is an R-algebra with addition defined point-wise and multiplication is given by convolution
It is useful to note that
for compact open bisections U and V (see [31, Proposition 4.5(3) ]). With this structure, A R (G) is an algebra called the Steinberg algebra associated to G. The algebra A R (G) can also be realised as the span of characteristic functions of the form 1 U where U is a compact open bisection (see [13, Lemma 3.3] ).
Let G be a group with identity ε. A ring A (possibly without unit) is called a G-graded ring if A = g∈G A g such that each A g is an additive subgroup of A and A g A h ⊆ A gh for all g, h ∈ G. The group A g is called the g-homogeneous component of A. When it is clear from context that a ring A is graded by a group G, we simply say that A is a graded ring. If A is an algebra over a ring R, then A is called a graded algebra if A is a graded ring and A g is a R-submodule for any g ∈ G.
The elements of g∈G A g in a graded ring A are called homogeneous elements of A. The nonzero elements of A g are called homogeneous of degree g and we write deg(a) = g for a ∈ A g \{0}. We say that a G-graded ring A is trivially graded if A ε is the only nonzero component of A, that is, A ε = A, so A g = 0 for g ∈ G\{ε}. Any ring admits a trivial grading by any group.
Let G be a discrete group and G a topological groupoid. A G-grading of G is a continuous function c : G → G such that c(α)c(β) = c(αβ) for all (α, β) ∈ G (2) ; such a function c is called a continuous 1-cocycle on G. In this case, we call G a G-graded ample groupoid and we write G = g∈G G g , where
One can see that G (0) ⊆ G ε , i.e., the unit space is ε-graded, where ε is the identity of the group G.
Recall from [15, Lemma 3.1] that if G = g∈G G g is a G-graded groupoid, then the Steinberg algebra A R (G) is a G-graded algebra with homogeneous components
The family of all idempotent elements of A R (G (0) ) is a set of local units for A R (G) ([12, Lemma 2.6]). Here,
is a subalgebra. Note that any ample Hausdorff groupoid admits the trivial cocycle from G to the trivial group {ε}, which gives rise to a trivial grading on A R (G).
2.2.
Partial skew inverse semigroup rings. An inverse semigroup is a semigroup S such that for each s ∈ S, there exists a unique s * ∈ S such that ss * s = s and s * ss * = s * . We call s * the inverse of s. Note that every group is an inverse semigroup. Recall that there is a natural partial order relation defined on an inverse semigroup S by s ≤ t ⇐⇒ s = ts * s ⇐⇒ s = ss * t for s, t ∈ S.
Definition 2.1. [10, Proposition 3.5] Let S be an inverse semigroup. A partial action of S on a set X is π = (π s , X s , X) s∈S with X s ⊆ X a subset and π s : X s * − → X s a bijection such that for all s, t ∈ S
If S has a zero element 0, we assume that X 0 = ∅. In case that X is an algebra or a ring then the subsets X s should also be ideals and the maps π s should be isomorphisms of algebras. In the topological setting, each X s should be an open set and each π s a homeomorphism of topological spaces. Furthermore, if the inverse semigroup S has a unit ε, we assume that X ε = X and π ε is the identity map of X.
Let π = (π s , A s , A) s∈S be an action of the inverse semigroup S on an algebra A. Define L as the set of all formal forms s∈S a s δ s (with finitely many a s nonzero), where a s ∈ A s and δ s are symbols, with addition defined in the obvious way and multiplication being the linear extension of
Then L is an algebra which is possibly not associative. Exel and Vieira proved under which condition L is associative (see [23, Theorem 3.4] be an action of an inverse semigroup S on an algebra A. Consider N = aδ s − aδ t : a ∈ A s , s ≤ t , which is the ideal generated by aδ s − aδ t . The partial skew inverse semigroup ring A ⋊ π S is defined as the quotient ring L/N .
Next we equip these algebras with a graded structure. Suppose that G is a group and w : S \ {0} − → G is a function such that w(st) = w(s)w(t) (2.2) for s, t ∈ S with st = 0. Here, 0 is a zero element of S. If S does not have a zero element then the function w is a homomorphism from S to G. For each non-zero element s ∈ S since s = ss * s we have w(s * ) = w(s) −1 .
Observe now that the algebra L is a G-graded algebra with elements a s δ s ∈ L with a s ∈ A s are homogeneous elements of degree w(s). Furthermore, if s ≤ t, then s = ts * s. It follows that w(s) = w(t)w(s * )w(s) = w(t). Hence aδ s − aδ t with s ≤ t and a ∈ A s is a homogeneous element in L. Thus the ideal N generated by homogeneous elements is a graded ideal and therefore the quotient algebra A ⋊ π S = L/N is G-graded.
Let X be a Hausdorff topological space and R a unital commutative ring with a discrete topology. Let C R (X) be the set of R-valued continuous function (i.e., locally constant) with compact support. If D is a compact open subset of X, the characteristic function of D, denoted by 1 D , is clearly an element of C R (X). In fact, every f in C R (X) may be written as
where r i ∈ R and the D i are compact open, pairwise disjoint subsets of X. C R (X) is a commutative R-algebra with pointwise multiplication. The support of f , defined by supp(f ) = {x ∈ X | f (x) = 0}, is clearly a compact open subset.
We observe that C R (X) is an idempotent ring. We have
for any f ∈ C R (X) which is written as (2.3). So C R (X) is a ring with local units and thus an idempotent ring. Let G be a G-graded ample Hausdorff groupoid. Set
The map π B is well defined, since B is a bisection of G. Observe that π B is a bijection with inverse π B −1 . We claim that π B is a homeomorphism for each
B by the definition of π B and π B −1 . For (ii), observe that
and thus (iv) holds.
There is an induced partial action (
B . We still denote the induced partial action by π. In this case,
Let B be an R-algebra. A representation [11, 13] of
The following is the main result of this section.
In particular, we have
where the equations hold because D ∪ C is a bisection and thus r(D ∪ C) = r(D) ∪ r(C).
By the universality of Steinberg algebras (refer to [13, Theorem 3.10] and [11, Proposition 2.3]), we have an
U . It is evident that f preserves the grading. Hence, f is a homomorphism of G-graded algebras.
To prove the surjectivity, fix any
The proof of claim is completed. Hence, we have
where we use the fact that
To prove injectivity of f , we define a map g :
and extend it linearly to L. Observe that the support of g(
an open subset, and for x ∈ G U and x / ∈ B the set G U \ B is a neighbourhood of x such that the restriction of g(a B δ B ) to it is zero. It follows that g(a B δ B ) is locally constant with compact support. For B ≤ C in G (h) and a ∈ C R (U B ), we have g(aδ B ) = g(aδ C ) because of r(x) ∈ r(C) \ r(B) and r(x) / ∈ U B for x ∈ C \ B.
Now we check that gf = id AR(GU ) , which implies that f is injective. It is evident that (gf )(
Bi with r i ∈ R \ {0} and the B i 's mutually disjoint graded compact open bisections of G U . Obviously we have (gf )(a) = a, implying gf = id AR(GU ) .
Partial skew group rings
In this section, we consider a partial action of a discrete group on a locally compact Hausdorff topological space which has a basis of compact open sets. Abadie [3, §3] proved that the C * -algebra of the associated groupoid of the partial action agrees with the crossed product by the partial action. Given a partial action of a discrete group on a set, the partial skew group ring is defined as an algebra associated to it. Applying Theorem 2.3, we prove that the Steinberg algebra of the associated groupoid of the partial action is graded isomorphic to the partial skew group ring. We describe the graded ideals of the partial skew group ring and give a partial skew group ring which arises from a group.
3.1. Partial skew group rings. A partial action of a group, appeared in various areas of mathematics, in particular, in the theory of operator algebras as a powerful tool in their study (see [2, 18, 28] ).
We recall the definition of partial action of a group on a set. Let G be a group with ε the identity of the group. A partial action [22] of G on a set X is a data φ = (φ g , X g , X) g∈G , where for each g ∈ G, X g is a subset of X and φ g : X g −1 − → X g is a bijection such that (i) X ε = X and φ ε is the identity on X, where ε is the identity of the group G;
Since a group is an inverse semigroup, the definition for a partial action of G on a set X can be obtained by Definition 2.1 and [10, Proposition 3.4]. In case that X is a topological space, each X g ⊆ X is an open subset and each φ g :
g∈G be a partial action of a group G on a set X and ψ : G → H a group homomorphism. Then ψ induces a partial action φ of H on X if and only if for every g ∈ ker ψ, X g = X g −1 and φ g = id.
Proof. We first observe that if g ∈ ker ψ, then X g = X g −1 and φ g = id is equivalent to if ψ(
, where ψ(
. Since
and φ g2g
On the other hand, suppose ψ(g) = ε. Then we have φ g | X g −1 ∩Xε = φ ε | X g −1 ∩Xε . Since X ε = X and φ ε = id, we immediately obtain that X g = X g −1 and φ g = id.
Suppose now we have an induced partial action H on X. Then for h ∈ H, X h = ψ(g)=h X g and φ h :
. By the first part of the proof it follows that for every g ∈ ker ψ, X g = X g −1 and
Conversely, considering X h = ψ(g)=h X g and defining φ h :
where ψ(g) = h, by the assumption it follows that φ h is well-defined. We first show that φ h is bijective. Suppose
and
Surjectivity of φ h and the rest of the conditions of partial actions are straightforward.
Corollary 3.2. Let φ = (φ g , X g , X) g∈G be a partial action of a group G on a set X and H a normal subgroup of G. Then there is an induced partial action φ of G/H on X if and only if for every h ∈ H, X h = X h −1 and φ h = id.
Suppose that X is a topological space, φ = (φ g , X g , X) g∈G a partial action of a group G on X and ψ : G − → H a group homomorphism. Then ψ induces a partial action φ of H on X if and only if for every g ∈ ker ψ, X g = X g −1 and φ g = id. We only need to check that the map φ h given in (3.1) is a homeomorphism for each h ∈ G. First, we show that φ h is continuous. For any open subset O of X h = ψ(g)=h X g , we have φ
is open, and thus φ h is continuous. Similarly, we can prove that φ
The group G is an inverse semigroup with g ≤ h when g = h in G. The partial skew inverse semigroup ring A ⋊ φ G equals the algebra L given in Definition 2.2. The ring A ⋊ φ G is called the partial skew group ring [16, Definition 1.2] corresponding to φ. Observe that A ⋊ φ G is always a G-graded ring with (A ⋊ φ G) g = A g δ g induced by the identity map from G to G.
Our first result shows that similar to skew group rings, one can lift some of the properties on A g , g ∈ G to the whole ring A ⋊ φ G. Recall that a ring A (not necessarily unital) is called von Neumann regular in case for every x ∈ A there exists y ∈ A such that x = xyx. A G-graded ring A is called a graded von Neumann regular ring, if for any homogeneous element x ∈ A, there is y ∈ A such that xyx = x. Note that y can be chosen to be a homogeneous element. Throughout the note, we call such rings also graded regular rings. Lemma 3.3. Let φ = (φ g , X g , X) g∈G be a partial action of G on a ring A and A ⋊ φ G the partial skew group ring. Then A ⋊ φ G is graded von Neumann regular if and only if A g , g ∈ G, are von Neumann regular.
Proof. Suppose that A ⋊ φ Γ is graded regular. For any homogeneous element a g δ g ∈ A ⋊ φ Γ, there exists an element
Conversely, the statement follows similarly.
From now on, we assume that X is a locally compact Hausdorff topological space which is totally disconnected and G is a discrete group. Recall that a topological space is said to be totally disconnected if its topology is generated by clopen subsets. Let φ = (φ g , X g , X) g∈G be a partial action of G on X. We assume that each X g is a clopen subset of X. Consider the G-graded groupoid
whose composition and inverse maps are given by (g, x)(h, y) = (gh, x) and (g, x)
Here the range and source maps are given by r(g, x) = (ε, x), d(g, x) = (ε, φ g −1 (x)) with ε the identity of G. The unit space of G X is identified with X. The topology of G X is inherited from the product topology G × X. Notice that G X is a locally compact Hausdorff groupoid.
The groupoid G X is ample. In fact, G X admits a left Haar system (refer to [3, Proposition 2.2]). Combing [29, Proposition 2.8], the range map r :
X is a local homeomorphism, equivalently G X isétale. Recall that a locally compact Hausdorffétale groupoid G X is ample if and only if G 
We observe that there is a one-to one correspondence between the (open) invariant subsets of X and the (open) invariant subsets of G (0)
→ g is a continuous cocycle which makes G X a G-graded groupoid. Thus the Steinberg algebra A R (G X ) is a G-graded algebra with homogeneous components
Recall that G on U with U B = r(B) ∩ U . We still denote by π the induced partial action
X on the algebra C R (U ). In order to use Theorem 2.3 to express a partial skew group ring as a Steinberg algebra, we need Exel's inverse semigroup S(G) associated to a group G [19] . We recall the construction here.
Definition 3.4. Let G be a group with unit ε. We define S(G) to be the semigroup generated by {[g] | g ∈ G} subject to the following relations: for g, h ∈ G,
The following is a universal property of S(G).
Lemma 3.5. [19, Proposition 2.2] Given a semigroup S, a group G, and a map f : G − → S satisfying for g, h ∈ G
there exists a unique homomorphism f :
We recall some facts about S(G), referring the reader to [19, §2] 
where n ≥ 0 and
This decomposition is unique, except for the order of the l j . We will call it the standard form of s. Take an idempotent e = ε e1 · · · ε en [j] ∈ S(G), with e 1 , · · · , e n , j ∈ G. By the uniqueness of decomposition of S(G), j must be the unit of the group. So e = ε e1 · · · ε en .
, if s ≤ r we have that s = rf , for some f ∈ S(G) an idempotent. Then f = ε f1 · · · ε f k and we have that:
By the uniqueness of the decomposition in S(G), it follows that g = h and i 1 , · · · , i m = r 1 , · · · , r n , hf 1 , · · · , hf k . So, the difference between s and r are some ε's.
For every group G and any set X, there is a one-to-one correspondence between partial actions of G on X and actions of S(G) on X (see [19, Theorem 4.2] ). Similarly, for an algebra A, there is a bijection between the partial actions of G on A and the actions of S(G) on A (see [23, Theorem 2.9] ).
We recall that φ = (φ g , X g , X) g∈G induces a partial action of G on C R (X), still denoted by φ. For each g ∈ G, φ g :
which is an R-isomorphism with the inverse
. The ring C R (X) is idempotent and thus by [16, Corollary 3.2] , C R (X) ⋊ φ G is associated. We observe that C R (X) ⋊ φ G is a G-graded algebra where f g δ g for f g ∈ C R (X g ) are homogeneous elements of degree g.
For an open invariant subset U of X, we have the restriction partial action φ| U = (φ g , U g , U ) g∈G with U g = X g ∩U . Then we have a partial action (φ g , C R (U g ), C R (U )) g∈G of G on an algebra C R (U ), which is still denoted by φ. There is a partial action [23, §2] for details). Observe that the partial skew inverse semigroup ring
. By Remark 3.6, aδ s − aδ r with s, r ∈ S(G), s ≤ r and a ∈ E s is a homogeneous element and the quotient algebra
We are in a position to prove the main result of this section.
Proposition 3.7. Suppose that X is a locally compact Hausdorff topological space which is totally disconnected and G a discrete group. Let φ = (φ g , X g , X) g∈G be a partial action of G on X where X g 's are clopen subsets of X. Let U be a clopen invariant of X. Then there are G-graded R-algebra isomorphisms
In particular, there are G-graded R-algebra isomorphisms
Proof. The first isomorphism in (3.4) follows from Theorem 2.3. By [23, Theorem 3.7] ,
is an isomorphism of algebras. It is evident that ϕ preserves the grading. Then the last isomorphism in (3.4) holds.
It remains to prove that
such that Ψ(a s δ s ) = a s δ g×Ug for a ∈ E s and s = ε i1 · · · ε in [g] with n ≥ 0 and i 1 , · · · , i n , g ∈ G. Observe that g × U g is a graded compact open bisection of G X . Then by Remark 3.6 Ψ is well defined. We claim that Ψ is a homomorphism of G-graded algebras. For another element a t δ t in C R (U ) ⋊ φ ′ S(G), we write t = ε l1 · · · ε lm [h] with m ≥ 0 and l 1 , · · · , l m , h ∈ G. On one hand, we have
On the other hand, we have
Here, the last equality in (3.5) holds, since gh
. It is evident that Ψ preserves the grading. Thus the proof for the claim is completed.
The map Ψ is surjective as the following argument shows. Take an element a
We write B = g × V for some g ∈ G and V ⊆ U g . Then we have a B ∈ C R (V ) = C R (U B ), and a B ∈ C R (U g ), since
To prove the injectivity of Ψ, we define Θ :
X and a B ∈ C R (U B ), then B and C are contained in the same g × U g for some
. Thus Θ is well defined. We can directly check that Θ • Ψ = id CR(U)⋊ φ ′ S(G) , implying that Ψ is injective. Corollary 3.8. Suppose that X is a locally compact Hausdorff topological space which is totally disconnected and G a discrete group. Let φ = (φ g , X g , X) g∈G be a partial action of G on X and K a field. Then the Steinberg algebra
) is a von Neumann regular ring for each g ∈ G. By Propostion 3.7, we have the graded isomorphism A K (G X ) ∼ =gr C K (X) ⋊ φ G. The consequence follows directly by Lemma 3.3.
3.2.
Graded ideals of partial skew group rings. Let X be a locally compact Hausdorff topological space which is totally disconnected and let G be a discrete group. In this subsection, we consider a partial action φ = (φ g , X g , X) g∈G and the induced partial action φ = (φ g , C K (X g ), C K (X)) g∈G of G on the algebra C K (X) and the partial skew group ring C K (X) ⋊ φ G associated to it. Throughout this subsection, K is a field and X g 's are open subsets of X. We prove that there is a one-to-one correspondence between open invariant subsets of X and graded ideals of the partial skew group ring C K (X) ⋊ φ G.
Recall that an ideal I of a G-graded ring A = g∈G A g is a graded ideal if I = g∈G I g , where I g = I A g . Lemma 3.9. Suppose that φ = (φ g , X g , X) g∈G is a partial action of a discrete group G on a topological space X.
Suppose that I is an ideal of the partial skew group ring C K (X) ⋊ φ G. Set
(3.6) Lemma 3.10. Suppose that φ = (φ g , X g , X) g∈G is a partial action of G on X. Let I be an ideal of the partial skew group ring C K (X) ⋊ φ G. Then the above set V I is an open invariant subset of X.
Proof. The set V I is open, since supp(f ) is open for each f . To prove that V I is invariant, take any element x ∈ V I ∩ X g for g ∈ G. We need to show that φ g −1 (x) ∈ V I . Since x ∈ V I , there exists f ∈ C K (X) such that f δ ε ∈ I and x ∈ supp(f ). We write f = n i=1 r i 1 Di , where D i are compact open mutually disjoint subsets of X. We assume that x ∈ D 1 . Then there exists a compact open set C ⊆ D 1 ∩ X g such that x ∈ C. We observe that
Lemma 3.11. Let I be an ideal of the partial skew group ring
We first prove that 1 B δ ε ∈ I for any compact open set B ⊆ V I . Take any element x ∈ B. There exists a ε ∈ C K (X) such that a ε δ ε ∈ I and x ∈ supp(a ε ). Write 
We observe that 1 Cx s δ ε ∈ I for all s, since a ε δ ε ∈ I. So 1
It remains to prove J ⊆ C K (V I ) ⋊ φ|VI G for any graded ideal J of C K (X) ⋊ φ G which is contained in I. For any 1 B δ ε ∈ J ε with B a compact open subset of X, we have 1 B δ ε ∈ I and thus B ⊆ V I by the definition of V I given in (3.6). It follows that 1 B δ ε ∈ (C K (V I ) ⋊ φ|VI G) ε and f δ ε ∈ (C K (V I ) ⋊ φ|VI G) ε for any f δ ε ∈ J ε . Similarly as (3.8),
Proposition 3.12. Let X be a topological space that has a basis of compact open sets, G a discrete group, φ = (φ g , X g , X) g∈G a partial action of G on X. Suppose that K is a field. Then there is a one-to-one correspondence
between the open invariant subsets of X and the graded ideals of C K (X) ⋊ φ G.
Proof. Let O be the set of open invariant subsets of X and I the set of graded ideals of C K (X) ⋊ φ G. We define a map Φ : O − → I by Φ(V ) = C K (V ) ⋊ φ|V G for V ∈ O. By Lemma 3.9 the map Φ is well defined.
We prove that Φ is injective.
are the ε-th components of the graded ideals
It remains to prove that Φ is surjective. Take I ∈ I. By Lemma 3.10, we have an open invariant subset V I ⊆ X. We prove that I = C K (V I ) ⋊ φ|VI G. By Lemma 3.11 we have
Let G be a locally compact Hausdorffétale groupoid. Recall that the isotropy group at a unit u of a groupoid G is the group Iso 
Given a partial action
Corollary 3.13. Let X be a locally compact Hausdorff topological space which is totally disconnected. Suppose that φ = (φ g , X g , X) g∈G is a partial action of a discrete group G on X where X g 's are clopen subsets of X. Then there is a one-to-one correspondence V −→ A K (G V ) between the open invariant subsets of X and the graded ideals of the Steinberg algebra A K (G X ).
Proof. By Proposition 3.7 we have
By Proposition 3.12, the statement follows immediately.
3.3.
A partial group ring. Given a group G, Exel constructed a C * -algebra, called partial group C * -algebra of G [19, Definition 6.4] . In this section, we define the algebraic version of the construction and realise it as partial action of G on an appropriate set.
Let G be an abelian group, ε be its identity and R a commutative ring with unit. Consider the free R-algebra A generated by symbols P E with E a finite subset of G, subject to relations
for all possible choices of E and F . Note that A is a commutative R-algebra, P E P E = P E and P ∅ is the identity of A, where ∅ is the empty set.
Let A ε be the ideal of A generated by P {ε} , that is, A ε = P {ε} A. Then A ε consists of the sum of P E such that E is a finite subset of G and ε ∈ E.
by α g (P E ) = P gE which is an isomorphism of ideals of A ε . We have α = (α g , D g , A ε ) g∈G is a partial action of G on algebra A ε . We call P (G) = A ε ⋊ α G the partial group ring of G.
Next we realise P (G) as a partial skew group ring of the form C R (Y ) ⋊ φ G, where φ is a partial action of G on a topological space Y . Consider
Endowed with the product topology, Y is a compact Hausdorff space. Each element x ∈ Y is considered as {x g } g∈G with x g ∈ {0, 1}. Set Y ε to be the subset of Y consisting of {x g } g∈G with x ε = 1 and
Here, Y ε is a subspace topology. Note that
Observe that φ g is a homeomorphism. We can directly check that conditions (i) and (ii) of partial action of a discrete Proposition 3.14. Let G be a group. Then Ψ : A −→ C R (Y ) is an isomorphism of algebras which restricts to
Proof. We first prove injectivity of Ψ. Suppose that there exists a = n i=1 k i P Ei ∈ A with k i ∈ R and E i pairwise distinct finite subsets of G such that Ψ(a) = n i=1 k i Q Ei = 0. If n = 1, then it is obvious that k 1 = 0, implying a = 0. We may assume that n ≥ 2. We assume that E 1 is the one among E 1 , · · · , E n which has least number of elements. Denote by |E i | the cardinality of E i (possibly
There exists g 2 ∈ E i2 but g 2 / ∈ E 1 . Otherwise, we have E i2 ⊆ E 1 and |E i2 | ≥ |E 1 |, so E i2 = E 1 , contradicting to the fact that E 1 and E i2 are distinct. We list all the sets E 2 1 , · · · , E 2 n2 among E 2 , · · · , E n which contains g 2 for some positive integer n 2 . Suppose that for k ≥ 2 we have distinct elements
for some positive integer which contain g k+1 . There exists a number 2 ≤ t ≤ n such that X t+1 = ∅. We have distinct elements
Now we take x = {x g } g∈G ∈ Y such that x g = 1 for all g ∈ E 1 , x g l = 0 for 2 ≤ l ≤ t. Observe that Q E1 (x) = 1 and Q Ej (x) = 0 for all j = 1. It follows that Ψ(a) = k 1 = 0. Thus a = n i=2 k i P Ei satisfies Ψ(a) = 0. Using the above process repeatitly, we show that k i = 0 for i = 2, · · · , n. Hence a = 0.
Next we prove surjectivity. It suffices to prove 1 B ∈ ImΨ for any compact open subset B of Y . Observe that B is a finite union of g∈G Z g with finitely many g satisfying Z g = {0, 1}. Using disjointification [13, Remark 2.4], we only need to show that 1 g∈G Zg ∈ ImΨ with finitely many g satisfying Z g = {0, 1}. Let E ′ be the collection of all the elements g ∈ G with Z g = {0, 1}. If Z g = {1} for all g ∈ E ′ , then 1 g∈G Zg = Q E ′ ∈ ImΨ. Otherwise we have a disjoint union E ′ = E ∪ F such that E consists all g ∈ E ′ with Z g = {1} and F consists of all g ∈ E ′ with Z g = {0}. We claim that 1
To prove the claim, take
∈ g∈G Z g , we have two subcases. One subcase is that x g = 1 for all g ∈ E (if E is not the empatyset) and there are m ≥ 1 number x h = 1 for h ∈ F . It follows that
Another subcase is that there exists g ∈ E such that x g = 0. We have Q E + D⊆F,D =∅ (−1) |D| Q D∪E (x) = 0. Observe that if E = ∅, the proof is true. Therefore, the proof for the claim is completed.
We observe that for each g ∈ G and E a finite subset of G with g ∈ E, we have Q E ∈ C R (Y g ). Conversely, for 1 B ∈ C R (Y g ), the preimage of 1 B under Ψ belongs to D g . Thus Ψ restricts
Take g ∈ G. We have the following commutative diagram
Indeed, for a finite subset E of G with ε, g −1 ∈ E, we have
Thus we have
It would be interesting if one can characterise the graded ideals of these algebras.
Applications to Leavitt path algebras
In this section, we consider Leavitt path algebras over arbitrary graphs E = (E 0 , E 1 , r, s) (see [1] for notations and construction). We apply Proposition 3.7 to obtain Gonçalves-Royer's Theorem which realises Leavitt path algebras as partial skew group rings (see [24, Theorem 3.3] ). This allows us to describe a graph condition under which the associated Leavitt path algebra can be realised as a Z-graded partial skew group ring.
Recall that a group G is called an ordered group if its elements can be given a total ordering ≤ which is left and right invariant, meaning that g ≤ h implies f g ≤ f h and gf ≤ hf for all f, g, h ∈ G. We refer to the pair (G, ≤) as the ordered group. As in previous sections ε denotes the identity element of a group G. We call an element c of an ordered group positive if ε ≤ c and c = ε. The set of positive elements in an ordered group G is denoted by G + . Recall that a function w :
, by defining w(v) = ε, v ∈ E 0 , and w(e * ) = w(e) −1 , e ∈ E 1 . Here L R (E) is a Leavitt path algebra associated to the graph E with coefficients in the commutative ring R.
Lemma 4.1. (Generalised graded uniqueness theorem) Let E be a graph, G an ordered group, w : E 1 − → G + and R a commutative ring with identity. Suppose that π : L R (E) − → A is a homomorphism of G-graded R-algebras such that π(rv) = 0 for all v ∈ E 0 , and r ∈ R. Then π is injective.
Proof. Suppose that x ∈ L R (E) is a nonzero element satisfying π(x) = 0. Using a similar proof as [4, Proposition 3.1], one can show that there exist α, β ∈ L R (E) such that αxβ ∈ Rv for some v ∈ E 0 , or there exist a vertex w ∈ E 0 and a cycle without exits c based at w such that αxβ is a nonzero element in wL R (E)w. If αxβ ∈ Rv, then we have π(αxβ) = 0. This is a contradiction as π(rv) = 0. If αxβ = n i=−m r i c i for m, n ∈ N and r i ∈ R, then w(c i ) = w(c j ) for −m ≤ i, j ≤ n and i = j. Otherwise, w(c |i−j| ) = w(c) |i−j| = ε which is a contradiction, because w(c) ∈ G + and an ordered group has no elements of finite order except the identity. We have r i c i ∈ Ker π for each −m ≤ i ≤ n, since αxβ ∈ Ker π and Ker π is G-graded. Then we have r i c i c −i = r i w ∈ Ker π. This is a contradiction again. Hence, π is injective.
A Leavitt path algebra associated to an arbitrary graph can be realised as the Steinberg algebra associated to a groupoid of boundary path space of the graph E (cf. [15] ). Suppose that G is an ordered group and w : E 1 − → G a function satisfying w(e) ∈ G + for each edge e ∈ E 1 . Then Leavitt path algebra L R (E) is a G-graded algebra. We extend w to E * by defining w(v) = 0 and w(α 1 · · · α n ) = w(α 1 ) · · · w(α n ). We construct a slightly different groupoid associated to the graph E in order to realise Leavitt path algebras as G-graded Steinberg algebras.
For a directed graph E, we denote by E ∞ the set of infinite paths in E and by E * the set of finite paths in E.
We view each (x, k, y) ∈ G E as a morphism with range x and source y and the formulas (x, g, y)(y, h, z) = (x, gh, z) and (x, g, y) −1 = (y, g −1 , x) define composition and inverse maps on G E making it a groupoid with G E (0) = {(x, ε, x) | x ∈ X} which we identify with the set X. Here, ε is the identity of G.
Next, we describe a topology on G E . For µ ∈ E * define
For µ ∈ E * and a finite F ⊆ s −1 (r(µ)), define
is a locally compact Hausdorff space with the topology given by the basis For µ, ν ∈ E * with r(µ) = r(ν), and for a finite F ⊆ s −1 (r(µ)), we define
and then
The sets Z((µ, ν) \ F ) constitute a basis of compact open bisections for a topology under which G E is a Hausdorff ample groupoid (refer to [6, §2.3] ).
We have a continuous 1-cocycle w : G E − → G such that w(x, g, y) = g; compare with [25, Lemma 2.3] . Thus the Steinberg algebra A R (G E ) is a G-graded algebra (see (2.1)) with homogeneous components
Similarly as [15, Example 3.2], we have a homomorphism π E :
In order to describe a Leavitt path algebra L R (E) as a partial skew group ring, we assign a free group grading to L R (E) as follows. Let F be the free group generated by E 1 . The map w : E 1 → F, e → e, with w(e * ) = e −1 induces an F-grading on L R (E). Recall the set X from (4.1) and consider the subsets ([24, §2])
and bijective maps θ ab −1 :
for ab −1 ∈ F with a, b ∈ ∞ n=1 E n and r(a) = r(b). We then have that θ = (θ c , X c , X) c∈F is a partial action of F on the set X given in (4.1). For a commutative ring R with identity, we have the induced partial action θ = (θ c , C R (X c ), C R (X)) c∈F of F on the algebra C R (X). Now we apply Proposition 3.7 to obtain an F-graded isomorphism between the Leavitt path algebras and the partial skew group ring, which implies that Leavitt path algebras are Z-graded isomorphic to the partial skew group ring; compare with [24, Theorem 3.3] .
Corollary 4.2. Let E be an arbitrary graph and F a free group generated by E 1 . Then we have the isomorphism
Proof. We prove that the groupoids G E and G = c∈F c × X c are F-graded isomorphism. Define a map
which is an isomorphism of groupoids. It is evident that this isomorphism of groupoids preserves the grading and topology. Thus there is an induced isomorphism
as F-graded algebras along with Proposition 3.7 gives the following isomorphisms [24, §2] . Here, span means the R-linear span, 1 p the characteristic function of the set X p and 1 v the characteristic function of the set X v .
We observe that the two partial actions (θ c , C R (X c ), C R (X)) c∈F and (α c , D c , D(X)) c∈F coincide, or equivalently
, B is a disjoint union of sets of the form Z(µ \ F ). We only need to show that 1 Z(µ\F ) ∈ D(X) for µ ∈ E * and F a finite subset of s −1 (r(µ)). We have
There is a group homomorphism ψ : F − → Z given by ψ(c) = m − n for c ∈ F, where m is the number of generators (elements of E 1 ) of c, and n is the number of inverses of generators of c. Then the partial skew group ring C R (X)⋊ θ F is a Z-graded algebra. Recall that L R (E) is naturally Z-graded by the length of paths in E. It is easy to see that the isomorphism in Corollary 4.2 is also an isomorphism of Z-graded algebras. However, ψ : F − → Z may can not induce a partial action of Z on X. Example 4.3. Let E be the following graph.
Then the boundary path space is X = {α, β, w}. There exist paths α and β of length one terminating at the sink vertex w which give rise to X αβ −1 = X βα −1 . Recall that there is a partial action φ = (φ c , X c , X) c∈F of F on X, where F is the free group generated by {α, β}. Now by Lemma 3.1, one can check that ψ : F − → Z can not induce a partial action of Z on X. is injective, where Star(x) = {f : x − → y a morphism in C | y ∈ C} for every object x ∈ C.
From now on, let E be a graph and w : E 1 − → Z a function assigning each edge to 1. Then by (4.2) the groupoid G E is given by the standard G E = (αx, |α| − |β|, βx) | α, β ∈ E * , x ∈ X, r(α) = r(β) = s(x) .
In this case, the 1-cocycle w : G E − → Z is given by w(x, k, y) = k for (x, k, y) ∈ G E . Proof. ⇒: Suppose that there exists w ∈ E 0 such that |r −1 E (w)| ≥ 2. Then there exist at least two distinct edges α and β such that r(α) = r(β) = w. We have two cases. The first case is that w is connected to a sink z ∈ E 0 . Then there exists a path p with s(p) = w and r(p) = z. Then αp, βp ∈ X and Star(αp) contains at least two elements (αp, 0, αp) and (βp, 0, αp). Since w(αp, 0, αp) = 0 = w(βp, 0, αp), w : Star(αp) − → Z is not injective. A contradiction. The other case is that w is not connected to a sink. We have an infinite path q starting at w. So αq, βq ∈ X. We obtain that w : Star(αq) − → Z is not injective, again a contradiction.
⇐: Suppose that |r E , we have Star(x) = {(y, k, x) ∈ G E }. Suppose that (y 1 , k 1 , x) and (y 2 , k 2 , x) both belong to Star(x). We need to show that if k 1 = k 2 , then y 1 = y 2 . We write x = v 1 x 1 = v 2 x 2 , y 1 = u 1 x 1 and y 2 = u 2 x 2 with u 1 , u 2 , v 1 , v 2 paths in E. Since r(u 1 ) = r(v 1 ), we have u 1 = δv 1 or v 1 = f u 1 for δ, f paths in E. Similarly, either u 2 = sv 2 or v 2 = tu 2 for s, t paths in E. If u 1 = δv 1 , then u 2 = sv 2 because |u 1 | − |v 1 | = k 1 = k 2 = |u 2 | − |v 2 |. It follows that |δ| = |s| and r(δ) = s(v 1 ) = s(x) = s(v 2 ) = r(s). Thus δ = s and y 1 = u 1 x 1 = δv 1 x 1 = δx = sx = sv 2 x 2 = u 2 x 2 = y 2 . If v 1 = f u 1 , then we have v 2 = tu 2 . We have |f | = |v 1 |−|u 1 | = |v 2 |−|u 2 | = |t| and f u 1 x 1 = v 1 x 1 = x = v 2 x 2 = tu 2 x 2 . Thus f = t and y 1 = u 1 x 1 = u 2 x 2 = y 2 .
Recall that given a partial action φ = (φ g , X g , X) g∈G of a group G on a set X, we have the associated groupoid G X = g∈G g × X g . The set of objects of G (0) X is identified with X. For x ∈ G (0) X , we have Star(x) = {(g, φ g (x)) | g ∈ G}. Observe that the projection π : G X − → G, given by π(g, x) = g is a functor between the category G X to the category G which is viewed as a small category with one object. The functor π : G X − → G is star injective. Conversely, recall from [5, page 8] that given a groupoid G with a star injective functor F : G − → G (viewing G as a small category with one object), we can associate a partial action of G on G (0) . Indeed, set X = G (0) and for each g ∈ G set X g = {x ∈ G (0) | ∃ γ ∈ G, r(γ) = x, F (γ) = g}.
Define the maps φ g −1 : X g − → X g −1 as φ g −1 (x) = d(γ) such that r(γ) = x, F (γ) = g. This map is well defined because the functor F is star injective. Then we have a partial action φ = (φ g , X g , X) g∈G of G on G (0) . The given groupoid G with the star injective functor F : G − → G is isomorphic to the associated groupoid G X = g∈G g × X g with X = G (0) . Define η : G −→ G X (4.4) by η(γ) = (F (γ), r(γ)) for γ ∈ G. We observe that η preserves the composition and the inverse. It is evident that η is a bijection and preserves the grading of groupoids. Thus η is an isomorphism of G-graded groupoids. By Corollary 3.8, in this case A K (G) ∼ =gr A K (G X ) is G-graded von Neumann regular.
Specialising this to the groupoid G E of a graph E with a star injective functor w : G E − → Z, we have a partial action φ of Z on G (0) E and realise the Leavitt path algebra L R (E) as the partial skew group ring C R (X) ⋊ φ Z. Corollary 4.5. Let E be a graph which satisfies |r −1 E (v)| ≤ 1 for each v ∈ E 0 and w : E 1 − → Z a function assigning each edge to 1. Then the Leavitt path algebra L R (E) is Z-graded isomorphic to the partial skew group ring C R (X)⋊ φ Z.
Proof. By Lemma 4.4, w : G E − → Z is star injective. Then the consequence follows from (4.4) and Proposition 3.7.
As an example, the Corollary 4.5 shows that the Toepliz algebra can be written as a partial skew integral group ring.
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